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Sampling and interpolation

@ For band-limited signals there is a classical result, the Whittaker-
Kotelnikov-Shannon sampling theorem, which says that f can
be reconstructed from samples at nw/b by the formula f(t) =
oo P /D) RS

@ This holds for b-band-limited signals with finite energy, i.e. for
functions f € L2(R) whose Fourier transform has support in
[—b, b]. The space of all such functions is the Paley-Wiener
space PW([—b, b]).

@ Our purpose is to give similar reconstruction methods in
case of non-band-limited signals.
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Sampling and interpolation

The Whittaker-Kotelnikov-Shannon sampling theorem follows from
the properties of the Paley-Wiener space. The PW|[—b, b] is a re-
producing kernel Hilbert space with reproducing kernel

sin b(t—u) .
k(t, u):{ vr(r—bu/) ’ i#”'
m, t=u.

The function k has zeros at t = mm /b, u = nm/b, and the localized

kernels i
/T bk b(t) = mm

form an orthonormal basis for PW[—b, b]. The sampling theorem
for J = [—b, b] is equivalent to the orthonormal expansion

oo

f(t) = Z %(fv kn7r/b>kn7r/b(t) (t € R)
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Sampling and interpolation

The steps of the proof of this theorem can't be extended if instead
of J compact we consider J = (0, 00).
Remarks.

o H2(C.) is isomorphic with F~1(L?(0, +00))

@ Because of

2)= 5 ft)

——dt= / f(e)e*™=de,  (z€Cy)

—0o0 0

we have the reproducing kernel K(z,t) = ﬁ
(teR,zeCy).

@ This has no zeros, consequently there are no nodes (t,) for
which the localized K(t,, t) would form an orthogonal basis

for H?(C.).
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New rational interpolations: T. Eisner, B. Kiraly, M. Pap,

Ve

A. Pilgermdjer

In the last years new rational interpolations has been investigated
and lead to new sampling and interpolation theorems.

Idea: we approximate the Cauchy kernel K by a sequence of re-
producing kernels K. Using the localized Ky-s on the zeros, we
construct orthogonal and discrete orthogonal bases for some ratio-
nal function spaces and in these spaces we give the analogue of the
sampling theorem.

The construction of these operators is based on the discrete or-
thogonality of the Malmquist-Takenaka systems. Combining
these interpolations one can give exact interpolation on the real line
for a large class of rational functions among them for the Runge test
function. The properties of the Lebesgue function of these rational
interpolation operators were studied.
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The Hardy space of the upper and lower half plane

The Hardy space of the upper and lower half plane

Let C ={z€C:Im(z) >0}, C_ ={z€ C:Im(z) <0}. The
set of holomorphic functions are denoted by H(C,.), H(C_) and the
corresponding Hardy spaces by

H(C.) = {h € H(C.) : sup{/R h(x + iy)|? dx: y > o} < oo}.

HA(C_) = {h € H(C) : sup{/R h(x + iy)|? dx : y < o} < oo}.

For each f € H?(C. ) there exists its non-tangential limit in L?(R).
The Fourier transform of the boundary limit of f € H?(C.) has
support in [0, 00).

For each f € H?(C_) there exists its non-tangential limit in L?(R).
The Fourier transform of the boundary limit of f € H?(C_) has
support in (—o0,0].
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The Hardy space of the upper and lower half plane

Malmquist- Takenaka systems for upper half plane

Let {\;}?°; an arbitrary sequence of complex numbers from the
upper half plane C,, and let the Malmquist-Takenaka system for
the upper half plane {V,}> ;| defined by

SA S n—
W . Tl vo— \/\yﬂ n12_>\k —9
1(2)_2—T1’ ”_Z—THZ—AT (n=2,3,...).

n k=1

@ This is a system of rational functions associated with the set
of poles {\;}?°; in the lower half-plane.
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The Hardy space of the upper and lower half plane

Malmquist- Takenaka systems for upper half plane

@ The system of functions {W,}°°, is orthonormal on the entire
axis —oo < x < 400 in the following sense

“+oo

/ W, (X)W (x)dX = Sy

—0o0

@ Moreover, if we have the following non-Blaschke condition for
the upper half plane

5 =
1 1+ | A

then {W,}°°, is a complete orthonormal system for H?(C,.).
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The Hardy space of the upper and lower half plane

The kernel function to M-T system and its partial sums

@ The kernel function

_ 1
- 2in(€ - 2)

K(z,6) = Wi(2)Wi(§)
k=1

o Blaschke like products: By(z) = Hf(vzl 22k, where

zZ—Ag
_ 1A

N = if 1 =1ifXN=1
> 0,7 1+)\i,l Ak # 1, and ng if g =i

o For arbitrary values of the variables z # £ and for any N,
1 < N < o0, the analogue of the Darboux-Christoffel formula
for the upper half plane

_1-Bu(9)Bn(2)
2im(€ — z)

N
Kn(z,) =) Wi(2)Wi(€)
k=1
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The Hardy space of the upper and lower half plane

Extended M-T system to the lower half plane

The extended system Wy, for negative indexes is given by:

Z— A\
H(Z

— NNk

={V_,=ByV,,n=1,2,....N}.
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Discrete orthogonality

Discrete orthogonality

For a, = :;i: let us consider the equation

Z—a Z — ar Z — apn

1—a31z 1—-a3z ~~ 1—apnz

has N different solutions and they can be written as zj := e/

Let denote by t, = tan %, where 74, k =1,... N ie. z = e =
:jr:i, k=1,...,N. Let us introduce the following set of nodes on
the real line

RN:{tk: k:].,...,N}.
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Discrete orthogonality

Discrete orthogonality

Furthermore, from the definition of z, and tx, one can get

Bu(t:)Bn(tx) = By(te) By (te) = Bn(z)Bn(z) = 1. (1)

Suppose that every node is finite. Using the points of discretization
one can get the formula of the localized reproducing kernels

1—By(t)

27ri(t21—t) t # th,

m=1 7T|t’<7m|2 o
B(t)—1

27r,\1{(tk—t) t 7 th,
 FaAl? L
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Discrete orthogonality

Discrete orthogonality

Let define the following weight function:

and the following discrete scalar product:

(F.G)n=Y_ F(t)G(t)pn(t)-

teERy

Margit Pap, Akos Pilgermajer 6th Workshop on Fourier Analysis, Pécs, Hungary



Discrete orthogonality

Discrete orthogonality, Eisner-P, JFAA, 2014

The finite collection of W,(1 < n < N) forms a discrete orthonormal
system with respect to the scalar product

(F,G)n =Y F(t)G(t)pn(t),

teRy
namely
(Vo Vodn =0mn (1 < myn < N).
Similarly the finite collection of Wp,(n = —N,—N+1,...,—1) forms
a discrete orthonormal system with respect to the scalar product
<., ->N: i.e.,
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Discrete orthogonality

Projection operators on special spaces of rational functions

Let denote by P the space of polynomials of degree at most k,
0(2) = [n=1(z = An), (2) = [13-1(z — An) and set

Rui={

Ry = {

S}

T pE PNl}

€l

L peE 7)/\1_1}

p
Rywi=4—: _
NN {Uw p € Pan 1}

It is clear that R, v = Rn @ Ry, i.e., they are orthogonal comple-
ment in L2(R).
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Discrete orthogonality

Projection on Ry and on Ry

Ry =span{V¥,, £ =1,...,N}, Ry=span{V¥,, {=-1,...,—N}.

Let us consider the orthogonal projection operator of an arbitrary
function f € H2(C, ) on the subspace Ry given by

N

Pnf(z) =Y (F,W)Vi(2).

k=1

Analogously the orthogonal projection operator of an arbitrary func-
tion f € H?(C_) on the subspace Ry is

-1

Puf(z2) = > (FW)V,(2).

k=—N
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Discrete orthogonality

The pointwise convergence

Let suppose that the non-Blaschke condition is satisfied for the pa-
rameters \,. Then for any f € H?*(Cy) and any z € C, we have
Pnf(z) — f(z), and for any f € H*(C_) and any z € C_ we have
Pyf(z) — f(2).

From the proof it follows that Pyf — f uniformly on every compact
subset of the upper half plane and Pyf — f uniformly on every
compact subsets of the lower half plane.

We are also interested in the behaviour of Py and Py on the real
line.
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Discrete orthogonality

Convergence on the real line

Theorem
If f G H2(C+) has a partial fraction decomposition f(z) =
il 175 w v € Cy, then |f(t) — Pnf(t)] — O uniformly on
R and lim maxer(1+ t2)|f(t) — Pf(t)]> — 0.

—>
Analogously, if f € H?(C_) has a partial fraction decomposition
f(z) =301 725, e € Co, then [£(t) — Pyf(t)| — O uniformly
on R and /\llimo maxzer(1 + t2)|f(t) — Pﬁf(t)|2 0.

—
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Discrete orthogonality

Properties of the projection operators

Corollary

For every f € Ry the corresponding discrete and continuous
Malmquist- Takenaka coefficients are equal, i.e.

(F V) = (F, Vi, (1< k< N), (4)
and
Puf(2) = (F(), Kn(.,2)) = (F(.), Kn( 20w = F(2) (2 € C2).
Similarly, for every f € Ry
(£ k) = (F, W, (~N < k < 1),

Paf(®) = (FC) Kl ) = (Ol = 1) (e
5
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Rational interpolation with nodes on the real line

Rational interpolation with nodes on the real line

Let Ry to be the set of nodes. Consider the following interpolation
operators:

where f is in A(C,).
Analogously, for the lower half plane algebra of analytic functions
A(C_) consider the following interpolation operators:

where f € A(C_).
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Rational interpolation with nodes on the real line

Rational interpolation with nodes on the real line

Let us denote by

PR O

Iy (w) = Kn(t.1)’ Ni(w) = m, (t € Ry,w € R).

From the definition of Ry, Ky, Ky and (1) it follows that for 1 <
k,¢ < N, one has:

Ky (te, te)
KN( ty, tk)

Kn(te, tk)

Antte, te) -5
Kn(tk, ti) K

N, (te) = = Oty Ly, (te) =
i.e., {{n ¢, t € Ry} are the Lagrange functions corresponding to the
system {W,, £ =1,...,N}, and {{,, t € Ry} are the Lagrange
functions corresponding to the system {V,, ¢ = —N,..., —1}. This
implies that Lyf and Lyf interpolate f at the points of Ry.
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Rational interpolation with nodes on the real line

Rational interpolation with nodes on the real line

Using the reproducing property of Ky and K7 it can be proved that
Un,t(w), (t € Ry) form an orthogonal basis in Ry and (f (), (t €
Ry) form an orthogonal basis in Ry;.

The interpolation operators can be expressed also using the discrete
scalar product as:

Laf(z) = (F. Kn(., 2y (F € A(CL), z € Cy),

Lyf(z) = (F, Kg(,2))n (FEA(C.), zeCT_).

From (4) and (5) it follows that these operators are exact on Ry
and Ry respectively, i.e.,

Lyf=Pyf=f, f RN, Lyf=Pyf=Ff, feRy.
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Rational interpolation with nodes on the real line

Properties of the interpolation operators

As a consequence of the previous property we can propose a new ex-
act interpolation scheme for those functions which belong to R, .
Let f € Ry 7, then f = fi + fo, where f; € Ry and o € Ry and
let define L,{,f = LnfL + Lyfa. Then for every f € RN,N

LNf:,CNflJr,CNfz =fh+h="F.

If we choose A\; = i, then the Runge's test function belongs to

Ry - Indeed
1 1 1
f(2)=5——==57-"7 "7 <
z2+1  2i(z—1i) 2i(z+1)
Taking f; = ﬁlﬂ) € Ry and H = ﬁ € Ry we obtain the

following exact interpolation for the Runge's function:

LNfzﬁNfl—i-ﬁNfz:fl—l-fé:f.
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Rational interpolation with nodes on the real line

Convergence Properties of Lyf

Let \y = i, A\x € C4 such that
i She  _
— =
— 1+ |\

If f € A(Cy) is uniformly continuous on C such that

lim max(1 + t%)|f(t) — Pnf(t))* =0,

N—oo teR

then the interpolation operator Lyf : ZteRN Ru(t t))f (t) con-
verges to f in norm, i.e., lim ||[f — Lyf|2 =0.
N—o0

Very similar result holds for the lower half plane.
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Rational interpolation with nodes on the real line

The Lebesque function of the interpolation operator

The Lebesgue function associated to the interpolation problem is

An(t) = Z on,e, (£)] = Z Kn(t, t)

t€Ry tERy KN(tk’ tk)

The Lebesgue constant is the maximum value of the Lebesgue func-
tion 'y = maxecpr /\N(t).

At first we get for the associated Lagrange functions ¢y 4, (t) of our
rational interpolation, or equivalently the corresponding localized
reproducing kernels

For every t, € Ry the function ly ¢ (t) = Kn(tt) e continuous

K (te;tk)
on R and they tend to 0 if |t| — oo.
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Rational interpolation with nodes on the real line

The Lebesque function of the interpolation operator

We obtained theoretical bounds for FN, and we made numerical
experiments.
Kn(te, ti)

Ay
Kn(tk, tk)

=1, t;eRy.

t€Rpy ‘

Secondly, Ap(t) is continuous on R and has limit 0 if [t| — oco.

Moreover, for every € > 0 there exists dy > 0 such that, if t €
(te — ¢, tg + d¢) we have |A(t) — 1| < ¢, which implies that in a
neighbourhood of every t; € Ry the function Ay is bounded by

1+e.
If t € [ P P]\[Uﬁ l(té 5€7 tg+56)] then |t t‘ < maX= L..,N 5[ =
My, and
My o~ 1
An(t) < ————— < Mp(1+ P?).
N( )— Z KN(tkatk) = N( )
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Rational interpolation with nodes on the real line
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Rational interpolation with nodes on the real line

Thank you for your attention!

pon I L L

T

Dezs8 Biczé(©
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Rational interpolation with nodes on the real line

Figures of the Lebesgue function (N = 81) and its terms
(N =81, t, = 1,40,81) s
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