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@ L, denotes L,(R9), 1 < p < oo, with the usual norm ||f||, = ”f”Lp(Rd) < o0

@ If f € Ly, then its Fourier transform is
7o) = / F(x)e2T10:8) g
Rd

@ The modulus of smoothness w,(f,§), of order r € N for a function f € L, is
defined by
we(f,6)p = sup  [[ALFllp
|h| <8, heRd

where
ALf(x) = AFATH (%), ALf(x) = f(x+ h) — f(x)
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@ The Kantorovich—Kotelnikov operator is an operator of the form

k1
K.,,,(f,go;x):Z(w kw f(u)du)go(ka), xeER, w>0
keZ

w

where f : R — C is a locally integrable function and ¢ is an appropriate kernel

@ The operator K, has several advantages over the generalized sampling operators

k
Sw(f,ap;x)zg f(—)cp(wx—k), xeR, w>0
w
kEL

e Approximation and reconstruction not necessary continuous signals
o Reducing the so-called time-jitter errors

o Better approximation order
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@ We consider the generalized Kantorovich—Kotelnikov sampling operator

Quitro.7ix) = 3 ([ FEM+ K ) o(Mix ), ez

kezd

where M is a dilation matrix, m = |det M
functions.

, and @ and ¢ are appropriate

o If d =1 and @(x) = xjo,1)(x), then Q,,; represents the standard
operator K, ;.

R.Q. Jia (1995, 2003, 2010)

P.L. Butzer, R.Q. Jia (2000)

J.J. Lei, R.Q. Jia, E.W. Cheney (1997)

C. Bardaro, P.L. Butzer, R.L. Stens, G. Vinti (2007)
G. Vinti, L. Zampogni (2009, 2014)

A. Krivoshein, M. Skopina (2011, 2016)

M. Skopina (2014)

D. Costarelli, G. Vinti (2014, 2015)

F. Cluni, D. Costarelli, A.M. Minotti, G. Vinti (2015)
O. Orlova, G. Tamberg (2016)

Yurii Kolomoitsev (joint work with Maria Skopina) Approximation by Kantorovich—Kotelnikov sampling operators



Known results

@ Theorem (R.Q. Jia (2003)) If ¢ and & are compactly supported,
0 € Lp(RY), 3 € Lg(R?), 1/p+1/q =1, M is an isotropic dilation matrix, and
Qy reproduces polynomials of degree n — 1, i.e. QP = P for all P € N,_1, then
for any f € Lp(R), 1 < p < o0, and j € N, we have

~ _ i
||f_ QMj(f7 @, QO)”LP(]Rd) < Cwn(fzm d)P

@ Question: What do we have for band-limited functions ¢, e.g., sinc(x) = sinmx 9
X

Recall that the classical Whittaker-Shannon-Kotelnikov sampling series is given by

Sw(fix)=>_f (%) sinc(wx — k)

kEZ

Then the Kanorovich-type version of S,, is defined by

Kw(fix) = Z <W/kW f(u)du> sinc(wx — k)

kEZ
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Known results

@ As a rule, to study the operator

Kw(f, i x) = Z (W v f(u)du) o(wx — k)

keEZ

N

one supposes that

o v € Li(R)
o for every u € R,

D> oe(u—k) =1

kEZ

e for some 8 > 0,

sup Z lo(u— K)|Ju — k| < 0o
”eRkeR

o C. Barparo, P.L. Burzer, R.L. STens, G. VinTI (2007):
Theorem. For every f € L,(R), 1 < p < oo, we have

lim [ = Ku(F,9) () = O
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Known results

@ D. CostareLLl, G. VINTI (2014):

¢ € L1(R) and is bounded in a neighborhood of 0
For some p > 0,

Z«p(wx —k)=140(w™#) as w— +oo
keZ

For some 8 > 0,

sup 3 (v — K)llu — kI < oo
kE]R
o There exists a > 0 such that, for every N > 0,

/ wlp(wu)|du=O(w™%) as w — +oo
|lu|>N

For some 0 < v <1,

/R|so(u)||u|"du < oo

@ Theorem. For any f € L,(R) NLip(v), 1 < p < oo, 0 <v <1, we have
If = Kuw(f, o)l ) = O(wW™ ) as w — +o0

where € = min{v, u, a}.
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Known results

@ O. OrLovA, G. TAMBERG (2016):

Qult0.5x) = 3 (w [ F(u)Ek ~ wa)d ) owx — )

keZ
where
° p, %€ Li(R)
o sup X lio(u— k)| < o0
ueR keR

o Yp(u—k)=1, ueR, and [p@(x)dx=1
kez

o Theorem. Let A, X € C(R), A(0) = A(0) = 1, and A(2k) = 0, k € Z. Suppose

1 oo _
<p(x):/0 A(u) cos(mxu)du, {E(x):/o A(u) cos(mxu)du

and for some r € N

AMu)A(u) =1 — chu2j, Z l¢j| < o0
j=r j=r

Then for any f € Lp(R), 1 < p < oo, and w > 0,

”f - QW(fv #» &)”LP(R) < Cer(f7 l/W)P
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Generalized Kantorovich — Kotelnikov operator: the class B

@ We consider the generalized Kantorovich — Kotelnikov sampling operator

Quilfr 0, &x)= > <mf /Rd f(u)gZ(Mjquk)du) o(Mix+k), jeEZ

kezd

@ Denote by B = B(R?) the class of functions ¢ given by
o) = [ 6 g
R4

where 0 is supported in a parallelepiped M := [a1, b1] X - -+ X [a4, bg] and such
that 0|, € C9(1).
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Generalized Kantorovich — Kotelnikov operator: the class £,

@ Denote by £, 1 < p < 00, the set

D e+ K

kezd

< o0

Lp:=90€Lp:olc, = -
Lp(T!

The simple properties are:
o If1 <qg<p<oo, then
Li=L, Ly, Clp, Lp,CLy

o If ¢ € L, and compactly supported, then ¢ € L, for p > 1.
o If ¢ decays fast enough, i.e. there exist constants C > 0 and € > 0 such that

C

d
|§W forall xeR

lp(x)

then p € L.
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Generalized Kantorovich — Kotelnikov operator: the matrix M

@ Recall that a real d x d matrix M is called a dilation matrix if all eigenvalues of
M are bigger than 1 in modulus.

Recall also that
M| < Cuo0, jeZs

for every positive number 9 which is smaller in modulus than any eigenvalue of
M. In particular, we can take ¥ > 1, then

i [M ] =0

J—>+oo
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Main results

Def. The functions @ and ¢ are said to be strictly compatible if there exists
5 € (0,1/2) such that

B(6)P(€) =1 ae on {lg| <3}

and
P(6)=0 ae on {|/—¢ <8} forall €29\ {0}

Theorem 1. Let f € Ly, 1 < p < o0, and n € N. Suppose that ¢ and ¢ are strictly
compatible and

(i) peBandgeBUL »

, in the case 1 < p < oo,
=

(i) ¢e€BNLi and § € Lo in the case p =1,
(iii) ¢ € Loo and @ € Ly in the case p = co.

Then .
IF = Qui(F, 2. B)ll, < Ceon (£, IM1)

where C does not depend on f and j.
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Main results

Theorem 2. Let f € Lp, 1 < p < 00, and n € N. Suppose 3,3 € Cr+a+1(By) for

some § >0, DA(1 — @5)(0) =0 forall 3 €79, [B] < n, supp@ C Bi_c for some
e €(0,1), and

(i) peBandgeBUL in the case 1 < p < oo,

P
p—1
(i) peBNLlyand § € Lo in the case p=1,
(ill) ¢ € BN Lo and & € Ly in the case p = oco.
Then
IF = Qui(F, 2, D), < Con (7, IM7])

where C does not depend on f and j.
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Special cases

Let

d sin(mxy)
p(x) = sinc(x) := H = and @(x) =

X
TXy mes UXU( )

v=1

Proposition 1. Let f € Ly, 1 < p < oo, and let U be a bounded measured subset of
RY. Then

mi . .
/ F(—M~Ik + t) dt sinc(M’ - k)
mes U

d . P
ke M—iU

< Can(f, M),

|-

where C does not depend on f and j.

If, in addition, U is symmetric with respect to the origin, then the modulus of
continuity wi(f,||M~/||)p can be replaced by wy(f,||M~/|)p.

Remark 1. Proposition 1 is valid for all f € L, 1 < p < oo, if we replace sinc(x) by
sinc2(x). The same conclusion holds for all propositions presented below.

Remark 2. Note that Proposition 1 gives an answer to the question posed by
C. Barparo, P.L. Burzer, R.L. Stens, G. VinTI (2007)
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Special cases

Proposition 2. Let f € L, 1 < p < oo, n €N, and let U C RY. Then there exists a
finite set of numbers {a;};c;4 C C depending only on d, n, and U such that for

p(x) = Z aysinc(x + 1) (1)
1

we have

m
mes U
M

< Cuwn(f, M),

|-
P

/ F(=Mk + t) dt o(M - +k)
—iy
where C does not depend on f and j.

kezd
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Example 1. Let d =1, U =[-1/2,1/2], M = 2, and

11 1 1
p(x) = ' sinc(x) + % sinc(x + 1) — 5 sinc(x + 2) + > sinc(x + 3)

Then
Hf—ZQJ/ o f(=27k+t)dtp(2 - +k)|| < Cwa(f,27Y),
kez J-27071 P
1
0.
-15 V—vasv OVVS\/V\:{O 15

sinc(x) @(x)
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Example 2. Let d =2, U = By, and

sinc xp
8
sinc x1

8

3
p(x1,x) = 5 sinc xq sinc xp — (5sinc(x1 + 1) — 4sinc(x; + 2) + sinc(xg + 3))

(5sinc(x2 + 1) — 4sinc(x2 + 2) + sinc(x2 + 3))

Then

< Cwa(f, [IM~]])p

Hf— > = / f(—=M Tk + t) dt o(M - +k) )
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Special cases

The following estimate is a trivial consequence of Proposition 2:

Hf— >3 illid / F(—M~Ik + t) dt sinc(M - +k)

vend T mes U N
M=i(U+1)

< Cuwn(f, M),
P

where {a;} are the same as in (1).

For functions ¢(x) # sinc(x), we have the following result:

Proposition 3. Let f € L, 1 < p< oo, n€N, and let U C RY. Suppose that ¢ € B,
@ € C"t9t1(Bs) for some § > 0, and supp @ C Bi_. for some ¢ € (0,1). Then there

exists a finite set of numbers {b/}lezd C C depending only on d, n, U, and ¢ such
that

< Cuwn(f, M),
P

et

/ F(=M Tk +t) dt (M) - +k)
kezd |

M—=i(U—1)

where C does not depend on f and j.
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Example 3. Let d =2, U = By, and let ¢(x) = Rs(x) be given by the Bochner-Riesz
type kernel

T+ 6) Jajays(2m|x])
Rs(x) = ——3 x|d/2+3

Then

b,,,m/' . . .
|- 5 e [ ek de s < Cuntr b

k€z2 0<h,h<3 M=i(B1—(h,h)) ’
where 25 — 2 5(28 — w2)
= A N
boo = by = _2627:;2’ bso = bos = 268;7r27r2
and

bii=bip=br1=0
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Thank you for attention!
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